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WasBose-Einstein
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Bose-Einsteinstatisticsis the statisticalmechanicsof bosons,i.e.,of particles suchthat if there are severalof them the
wavefunction is symmetric under exchangeof any pair of
them. Thus
ú(xt,xz... x.i... r¿,x,) = rlr(rr,tz" ' x.h

. t('i,x'n)

for any i and l¿ where each ri represents all the coordinates

of the lth particle including spin or other internal variables.
AII particles with integral spin are bosons:light quanta,
deuterons,alpha particles,4Heatoms,etc.All particleswith
half integral spin haveantisymmetricfunctionsa¡d are called
fermions:electrons,protons,neutrons,neutrinos,etc.
The notion of a bosonoriginatedwith a paperby S. N. Bose
in June 1924(t), a year beforethe inventionofquantum mechanics,two yearsbefore wavemechanics,three yearsbefore
the UncertaintyPrinciple (2). How couldthis be?How could
the notion even be formulated without the notion of wavefunction? It is my contentionthat it arosefrom an elementary
mistakein statisticsthat Bosemade.Einstein at first copied
that mistake without paying much attention to it. He then
realizedthe mistakebut sawthat it must havea deepmeaning
since it givesthe right answer.A clearjustification only came
with the working out of quantum mechanics.
Bose'spaperis entitled "Planck'sLaw and the Hypothesis
of Light Quanta."
Planck's law, of course,is the law describíngradiation in
thermodynamicequilibrium with matter at a given temperature, the so-calledblack body radiation. It statesthat the
energydensity of radiation,as a function of the temperature
of the box and of the frequencyof the radiation is given by
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For ¡ (( 1 this becomes p = C 12 (Raleigh-Jeans' law).
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For.r )) 1 (largequanta, Iow temperature)the distribution
looks like a Maxwell distribution of energyin an ideal cìassical
gas.Einstein had pointed that out in 1905(3) and had used
this limiting form of the law to infer that radiation in someway
behavedlike discretequanta. In 1905the idea of light consisting of particles was ân outrageousidea. Too much was
known at that time about light as electromagneticwavesto
allow ro<¡mfor doubt. Indeedeveneight yearslater at a time
when the usefulnessof Einstein'sproposalin explainingthe
photoelectric effect had been fully çomfirmed it was still
consideredoutrageousby the physics community. When
Planck, Nernst, Rubens,and Emil Warburg got togetherin
1913t<¡nominate Einstein for membershipin the Prussian
Academyof Sciencesthey felt the needto apologizefor this
speculativeextravaganceof their nominee.They thought that
matter could occur in quantized states but not radiation
floatingaroundin freespace.In contrastEinsteinpushedthe
ideaof light quantafurther and further. In 191?in his famous
paper introducing spontaneousand radiation-inducedüransition probabilitiesof molecules(4) he showedthat during

such absorptionand emissionactsthe moleculesmust receive
a recoil momentump = hu/ c if rudiation is not to dislocatethe
thermal equilibrium of the molecules.In other words,radiation must be emitted not like a sphericalwavebut like a bullet
shot out in one direction.
Bose (.1)took the ultimate leap to treat radiation as an ideal
gas of light quanta showing that simply maximizing the entropy led to Planck's law. He arrived at Planck's law by a
conside¡ationwhich madeno referenceat all to the interaction
of light with matter.
How did he do this conjurer'strick? To seethe point of
Bose'spaper we must considerhow one calculatesentropy in
statisticalmechanics.There areseveralprocedures,somemore
elegant,somemore cumbersome,somemore abstract,some
mo¡e visualizable.They all involve somethinglike this: we
define a state of the system under considerationin some
fashion:the macrostate.We then find out in
coarse-grained
how many waysthis macrostatecan be realizedby specifying
it microscopically,Iookingat the stateof eachmoleculeindividually. We assumethat these microstatesare all equally
probable,count the number, W, and get the entropy
S = /¿IogW
We then maximize the entropy under some constraints, for
instanceby requiring the total energyand the total particle
number to be fixed. The macrostatewhich has the largest
entropy is the equilibrium state.
The tricky part in this procedureis the correctenumeration
of the equallyprobablemicrostates.Boseproceededasfollows:
any one light quantum has a locationin space,x, y , z, anda
momentum,px, py, p, suchthat

p,2+ py2
* 0,"=(+1,

(1)

In the quantum phasespacewith thà cåordinatesx, y , z , px,
pt, p" it is constrainedwith respectto x, y, z to the real volume, V, and with respectto p", py, p" to a sphericalshell of
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Muttiplying by V to get the volume in phasespace,dividing
by hs io getlhe number of quantum cellsin this phasevolume
and muttiptying by 2 to take into accounttwo alternative
states of polarization we get

," =soy+a,
as the number of cells availableio eachquantum in the frequency
interval dv.
'
Cleärly, the next step should be to find the number of ways
in whicha certain number of quanta can be distributed over
these cells in accordancewith the specificationsof the ma'
crostate.The quanta should be treated as statisticallyindependent entities as in the caseof the classicalstatisticalmeãhanicsof ideal gases.In other wordsthe microstateshould
be definedby sayinginto which cell eachphoton has beenput'
At this poini Bose'smind goesfoggy.Insteadof carryingout
the programas indicatedhe looks.ateachcell to,seehow rnany
ouohtiare in it and in this way definesthe microstate'
To illustrate with Tom, Dick, and Harry and their distri-
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Flgure 1. Tom and D¡ck ¡n livingroom' Harryin kitchen.
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F¡gure2. Two men in livingroom, one in k¡tchen.
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Flgure3. Harry,Dick, Tom alone ln kltchðn,ré$Þ**llv$ly,ths two oth6r$in llvlng
f00m.

488 t Journatol ChemlcalEducation

r"f roit_!;

t+c'tct('t1¿ç)

t
LE;^'L''
A"ø7nsí^tr tt ür* Ptn-' íot'
4.ht úï,6x!1,
PlancJrs Gosctzund Llchtquontonþþotlfoso.
1'"n lto3c(llgp-Uulrtrslll'' lnhenlí r.t.
(l)in¡¡isnn["nrrr;3¡!jl|l lr}21)
l t . r I ' h x { r h r ¡ i l r ù,r' i n u sl , l c h l , l t t r n l ¡l n L e z i r gn l f c l n ¡ u g r | r n r r 1 ' o l i l t t ¡ f l$ l l r l i n
-7,r11,.¡"ron rl'r (irii0r lt ¡rlxrlellt. lllc Z¡hl rlcr ñi¡fl¡r[cn Vrrlr¡ltrnF¡ rht
t,lchtqunnlrn einer nrrkmrko¡irch rlclinlertc¡ gtrnlrlrnt rnlct dlc¡6 Zcllc¡ licf$1,
dlc Ditm¡io unrl tlrnrlt nllu lhcr¡ort.r'nnmllchcnlll¡cnrchrlten der Slmhlung.
Figure 4. Title section ot Bose's paper, as published'
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Flgure 5. End of Bose's paper, as published, with Einste¡n's footnote'

bution over two rooms,weshoulddefinea microstateasshown
in Figure 1, while Bose definesit as shown in Figure 2, a
methód which on our counting subsumesthe three cases
shownin Figure 3. Surelyifyou considerthesethree character$ as entiiies perambulatingindependentlythrough the
three roomsit would make no senseto definethe microstate
in Bose'sway.
The fact ii that Bose does his peculiar counting without
drawing attention to its oddity and arrivesby straightforward
proceduresat Planck'siaw.
Bosemailed his manuscriptfrom Dacca(India at that time'
now Bangladesh)to Einstein (in Berlin) with a coveringletter
dated June 4, L924(Fig. a). There was no airmail servicein
those days.I estimatethat it took three weeksto make its way
from Daôcato Berlin, gettinþ there around June 25.1Einstein
translated the paper and sent it in for publication in the
Zeitschrift für Physíh wherethe manuscript wasreceivedon
July 2, i.e., about one week after Einstein had receivedthe
original.There is evidenceof hastein Einstein'shandling of
thJpaper in that Boseis not creditedwith his initials' Also the
papòr is astoundinglybrief and abrupt. It has no literature
iefãrences.I havea strongsuspicionthat Einstæincut it short,
perhapsevenrewroteit, but the original of the manuscriptis
not availableso I cannotprove my point. At the end of this
four-pagepaperthere is a highly unusualfootnote (Fig. 5)' a
tind ii thunderbolt that says,"Translated by A. Einstein"
and "Note by translater:Bose'sderivation of Planck'slaw in
my opinion constitutes an important step forward. The
mãtnõd here employedalsoyields the quantum theory of the
ideal gasas I will showin another place." Who would not like
to have such a footnote to his paper!
The other place referred to was the Proceedingsof the
PrussianAcademyof ScienceswhereEinstein submittedhis
paper entitled "Quantum Theory of the Monatomic Ideal
I Bose aìso sent Einstein a secondpaper (Jö) which Einstein
translated and submitted to Z' f ' Physihfive daysafter the first' This
paperalsohad a postscriptby Einsfein,but this time the postscript
the inþointed out that the point of view taken by Boseregarding
ieraction of light and matter wasnot tenable,givinga wholepageof
ârguments
'hinstein againstit'
botheredto acknowledgethat he had received
nãu..
"u"r,
let alonethat he had translatedit and sentit in
this MS from Bose,
for pubìication with his negative comments. Several months later,
when Bose inquired whetheithis MS might have been lost in the mail,

Einstein calmìy replied "No, no, it has long sincebeenpublishedand
ih" ,epritttt by rnistakettauebeensent to me. You can pick th*ru qp
rvhenyou get to Berlin"'

're
Gas" o¡r July ttì, i.p**r¡ *vr¡r.¡k
¡tftq¡rsubmitting Bose'spaper
(,)t.

It is a powerfirl u¡lt-h8nr*¡{icul
¡rapergiving the complete
theory of the iclc¡rltltr*u:g$ü,$ïeÈptfbr oneitem. It fs tersely
it aboundswith
written and difficult,to r*¡¡clnct lea*tl¡ecause
misprints ancl nr¡mrric**l*rrur*¡"It adoptsBose'sdefinition
of the microstate,nt¡nìt'rxtl-sr¡n¡lwarethal, somethingbizarre
is being done.At tht¡ *nel lt dr*we rittentien to the following
paradox,implicit in th* th**ry, f-*n¡¡iclcra ¡nix c)ftw<lideal
gases.Its pressure,aceardingto thiri theory,is the sum of the
pressuresof the two separatc¡{*$e*,ll'hat is reasonableindeed.
The pressureof eachga$,howßver,at fixed temperatureand
volume is noú porportional ùo the number of molecules.
Therefore,if by somemagicthe moleculesare graduallymade
alike, the pressureshould changeabruptly when the two kinds
of moleculesbecomealike (it shoulddiminish). In other words,
the pressureof a Bosegasis lessthan that of a classicalgas.
Qualitativelyit can be seenhclwthis result follows from the
theory. Considera box with n moleculesand at a temperature
so low that all the moleculesexceptone are in the loweststate,
Ee. On Bose'scounting there is only onesuchstate defined by
n - 1 particlesin the loweststate,.Eq,and oneparticle in the
next higher state, "E1.In contrast, classicallywith distinguishablemolecules,there are n waysof putting one molecule
in state-81.At the givenenergy,therefore,the entropy of the
Bose-Einsteingasis much lower than that of the classicalgas.
This lowering of entropy implies that if the two gasesare
brought into heat exchangecontactthe Bose-Einsteingaswill
looseits energyto the classicalgas,i.e., its pressurewill go
down. This pressureanomalyis contingenton the indistinguishabilityof the molecules.
We may remark, in passing,that theseindistinguishability
effects show up very strongly in such situations as the scattering of alpha particlesby helium (it is twice higher than that
given by the Rutherford formula) and in comparison of the
spectraof the bosonpair Dz with that of the fermion pair H2
and with that of the ordinary pair HD.
When Einstein noted this effect in his formulas he was
nonplussed.He says,"I havebeenunableto resolvethis paradox.The pressureeffect appearsas goodas impossible."
It seemsclear from the recordthat Bosewasnot awarethat
he countedthe microstatesin a peculiar way. My guessis that
he simply madea mistake,the kind of mistakethat is very easy
to make in any statisticalundertakingand especiallyin the
presentcasewhen the whole businessof cutting up the phase
spaceof individual particles into cells of sizeh3 is obviously
a makeshiftaffair lacking the consistencyof classicalstatistical mechanicswith the continuouslymodifiable trajectories,
Liouviìle'stheorem,and the ergodichypothesisto back up the
¡lrocedure.
I¡r the caseof Einstein's paper,submitted as we sawwithin
two weeksafter receivingBose'smanuscript,the evidenceis
not quite as clear-cut.Overtly he makesno referenceat all to
the f¿rctthat he is countingin an odd way.At one point, how¡rvor,he refersto the fact that the new statisticsautomatically
yi*lds Nernst'stheorem,i.e.,that the entropy goesto zeroat
¡rharllutozerotemperature.All the moleculeswould then be
'Tnr.
ln the groundstateand this stateof the gasis a singlestate
$l¡rn* unsererZcihlung."Doesthis mea¡ that he is awarethat
h* in *ounting in a funny way?I believehe wasbut in a vague
w*rynnly. He is just awarethat the Bose counting eliminates
th* faet<lrn! of classicalstatistics,a factor that had been
kRqlwnk¡ be a thorn in the flesh of statistical mechanicssince
åÌ¡* d*y¡r of Gibbs. He is not awarethat it conflicts with the
Itlw rh¡rt the particlesare independentof eachother.
Ris¡*¡*inpublisheda secondpaper on the Bosegas,sub{}illtt#{lslx rnonthslater, January 8, 1925(6). Thís paper is
re$f*{tÈ*
t¡r¡$ continuation of the first one with consecutive
nf sectionsand equations.The first sectioncon*${ù**-**Èsfl*Ë
lhe most astoundingdiscoveryof all statistical
{è{$}$
$r*ch¡:tt}rr
thr: discoverythat the Bosegasundergoesa phase
ttls{rkèstl{.$,
tg+¡¡r*lti*t¡s¡[ ¡] ßritical density and temperature:a progres-

sivelylargerfractionof the gas"condenses"(in phasespace),
i.e.,a progressivelylargerfraction of the moleculesaccumulates in the state with zeromomentum and fails to contribute
to the pressureof the gas.He showsthat this effectis hardly
observablefor any real gasbecauseit occursunder conditions
wheretheir behavioris far from ideal.He speculatesthat the
conductionelectronsin a metal might constitutea Bosegas!
This paper is almost simultaneouswith Pauli's discoveryof
the exclusionprinciple for electronsin orbits arounda nucleus
and six months beforeFermi's generalizationof this notion
to free electrons.
Of greater interest in the present context is the second
sectionof Einstein'spaper.It openswith the following sentence:
Ehrenfest and other colleagues have c¡iticized Bose's theory of
¡adiation and my analogous one of the ideal gas because in these
theories the quanta or molecules, respectively, are not t¡eated as
statistically independent structures, without our having emphasized
this circumstance. This is pert'ectly true. If one treats the quanta as
statistically independent in their localization, one gets Wien's radiation law. I wilì contrast the two methods for the case of qasesto
bring out the difference as clearly as possible.

He then proceedsto explain very clearly in what way the new
counting method implies indirectly a.certainhypothesisabout
"a mutual influenceof the particleson eachother of a kind
which is at this time still completelymysterious."
Theseformulationsindicatethat when Einstein wrote the
first paper in a tremendousrush he had indeed not pausedto
clarify in his own mind in what way Bose'scountingimplied
a mysteriousinteractionat a distancebetweenthe particles.
Most likely he had not pursued this question at all being
simply fascinatedwith the successof producing Planck's law
for a light quantum gasand seeinginstantly that it would resolve someugly questionsfor the real gas.
There are no letters preserved between Einstein and
Ehrenfest from this period. Most likely Ehrenfest'sintercessiontook place during a mutual visit in Leyden or in
Berlin.
The secondpaper goesone remarkablestep further. Einstein calculatesthe density fluctuations of the gasaccording
to the new theory. He doesso by an ingeniousmethod he had
thought up earlier for radiation. The method works backward
and calculatesthe fluctuationsfrom the entropy.He finds that
this fluctuation consistsof two additive parts. Onepart correspondsto the fluctuation expectedfor independentparticles,the other part is independentof the density,and,he says,
can be interpreted as "interferencebetweenwavesto be associatedwith the particles."What???
Whaùwaves?It turns out that Einstein, sometimewhile he
was working on the secondpaper,had receivedfrom Langevin
a draft of Louis de Broglie'sthesis.In this thesisde Broglie
had conjectured that every particle had associatedwith it a
wave, according to a fixed rule relating momentum of the
particles and frequencyofthe wave.In a vagtreway de Broglie
thought that a quantization ofthe electronsin the Bohr atom
could thus be interpreted as standing waves.De Broglie's
professor,Langevin,thought this wasa pretty bizarreideaand
decidedto consult with his friend Einstein whether he should
acceptthis thesis.Einstein immediately smelledthåt thi¡$\t tè
a good thing, encouragedLangevinto aeecptthc thar*irinntl
referred to the thesis in his paper. Schrileling*rlsarneqlr¡fde
Broglie's idea through Einstein's B¡ilpërrwrri¡erulïl*l*ntly in"
trigued to go to the trouble of getting fl *opy ilf tl$ t h¡*ir',*l*
effort in which he succeededabout Neivcmh*FI tftr *¡nd{n
Anyhotly rrihù$**S
sequeldevelopedwave mechanics.?
2 Schrödinger'sfir$t p¿ìBor(,jl)on w¡lvenr**h¡¡nt**#$&
January 27, L926,two monthr¡ ûfter hs ¡¡ot dë tlRSåSl$
subsequentpaperswe¡e ¡ut¡rnittcd $t ¡¡ t¡¡ù*-r$ÈSW
F e b r u a r y 2 3 , M a r c h 1 8 , M n y l ( ) , . f t r r r ¡l l l l ' e r ¡ l f ¡ È s s

hoursafter readin¡¡Schrcidinger'$
È-rsfll*$WlW
containingnll thr,resultsot tht.frcËffsqrf*Kgm
dingerhurllhc¡e mt¡rrlls.
l,rt

tried to get hold of a French thesis will appreciate that obtaining de Broglie's thesis may well have constituted half.the
battle of inventing wave mechanics.
The later clarification of the wave-particle duality and of.
the odd statistical assumptionsappropriate for bosonsand
fermions, respectively,occurredin terms of quantum mechanicsof many particle systems.Quantummecha¡icsshowed
that the wavefunctions tnust be either symmetric or antisymmetric under exchangeof the particles. More precisely,
every transition probability from any symmetric to any antisymmetric state,and vice versa,is necessarilyexactlyzero.
Nonrelativistic wave mechanicsdoes not prescribe uhicll
particles must be bosons,which fermions. Relativistic arguments can be made requiring half-integralspin particlesto
be fermionsand integral spin particlesto be bosons(8).
This symmetry or antisymmetry requirement for the
wavefunction implies, in the formalism of quantum mechanics,that exchangeof any pair of identicalparticlesdoes
not changethe probability distribution of any obseruable
quantity. The exchangedstate is the same as the original.
Thus, the crâzy assumptionof Bose,that the particles should
be drawn without individual featuresidentifying them, is built
into the basicstructureof the formalism.
The formalism can be generalizedin such a way that the
particle number need not be preserved.In both statistics
singleparticlescan be createdand annihilated,as photons are
createdin emissionand annihilated in absorptions,as electrons and neutrinos are created in B-decayof radioactive
and as electronsand positronsare createdin Disubstances,
rac'stheory of holes.
This lossof identity, indeedlossof existence,is a stark reminder that the object concept,which is so basicto our orientation in the real world, is whittled down and emaciated
in quantum mecha¡icsto a mereshadowof its former self.The
objectconcepthas beenacquiredby our biologicalancestors
many million yearsago.The stepsthrough which everyinfant
developsit during the first two yearsof his life has been analyzed beautifully by Piaget and his school.That the normal
infant can developthis concept, and doesso very precisely,s
is part of its geneticprogramming.The notion of an objectthat
persistswhen not perceivedis absolutelyessentialfor our
orientationand survivalin the world.
Clarificationof the meaningof quantum mechanicscame
in 1927in terms of Heisenberg'sUncertainty Principle (9) and
of Bohr's Complementarity Argument (10). The Uncertainty
principle saysthat particlescan be pinpointed but do not have
trajectories.How so? The reasonthat these two seemingly
contradictorystatementsare compatiblelies in the fact that
a seriesof pinpointings doesnot constitute a trajectory: every
pinpointing act is an observationand constitutesa unÍque
event involving someuncontrollable interactions.Each event
of sucha serieshasonly a probabilisticrelation to the outcome
of alternative events,say, a diffraction test.
If particlesdo not havetrajectories,that opensthe posslbiLity for their lossof identity. If I seea rabbit hiding behind
a bush and a rabbit emergingfrom the bush I may be uncertain whether it is the same rabbit or not. I have no doubt,
though, that closerobservationcould have decidedthe issue.
Not so with electrons.
if one electron gets attached to an atom and subsequently
one electron is passedon to another atom, I cannot say, in
:ì There exist several good summaries of Piaget's work. The most
comprehensive is Flavell, J. H., The Developmental Psychology of
Jean Piaget (12). Especially useful, part II, "The Experiments,"
chapter 9 on quantity, logic, number, time, movement, velocity;
chapter 10 on space, geometry.
Much simpler are two undergraduate tests:
(a) Ginsbu¡g, H. and Opper, Sylvia, 1969. Piaget's theory of intellectual development. An int¡oduction. Prentice Hall, 237 pp.
(b) Phillips, John L. Jr., 1969. The origins of intellect. Piaget's
theory. Freeman & Co., 149 pp.
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principle, whether it is the sameelectron or not. This statement does¿oúfollow from the Uncertainty Principle or from
the ComplementarityArgument.Thesetwo Principlesmerely
show that loss of identity is a possibility. The possibility becomesa necessityonly in the light of the complete quantum
mechanical formalism. Thus, the loss of the category of
identity should be consideredas an additional characteristic
of quantum mechanics,and perhaps its most eerie one.
Our intuitive understanding ofthe events in our environment balks at this demand of Reason.The demand violates,
like so many other aspectsof 20th century science,our preconceptionsabout the real world. Relativity theory itself afforded the most striking example of a formal theory demanding that we foregoour intuitive understanding of space
and time. This intuitive understanding is by no means
something"learned" ot "conventional." Far from it. It is
deeplyembeddedin our natural makeup sincelong beforeour
ancestorscame down from the trees. It is a priori for the individual, but a posteriori in evolution.It evolvedin adaptation
to the environment(f f ). It is a fact that Einstein neverbecamereconciledto the resolution ofthe quantum puzzlesoffered by the Complementarity Argument. Though he concededafter 1935that the argument was logically consistent,
he could not accept the fact that quantum mechanicsis incompatiblewith a unique "objective reality." And, indeed,
none of us can,intuitively. Our biologicallyinherited concrete
mental operationsdo not permit us to do.so.That we neverthelesscan do science,i.e.,constructformalismswhich are
highly successfulin representingour scientific findings is still
a miracle, an extension of the miracle for which Einstein
coined the expression,"The most incomprehensiblething
about the world is its comprehensibility."
Should we let matters rest with this expressionof wonder
and bafflement? Or, should we attempt a more positive approach?Einstein's sayingwascoinedalmost 50 yearsagoand
it was coined by a man steepedin the traditions of physics,a
tradition which takes the human mind for granted and takes
Nature (with a capital N) for granted,two agonistslockedin
a peculiar struggle,one trying to ferret out the "secrets"of
Mother Nature and Mother Nature jealously trying to guard
them. That, indeed,wasEinstein'sattitude throughoutand,
Iike Newton'scorrespondingstatement,it reflectsthe aweand
wonder at the successof the scientific enterprise.It comes
naturally to anybodywho is led into the problemsof physics
via the route of its history. Bohr, too, was very much caught
up in it. Bohr doesemphasizethat we (the human mind and
experimenter)play a dual role as "actor" and "onlooker" in
the drama of existence.Yet, this dual role is taken for granted.
Can we now, 50 yearslater, and armedwith new insightson
the origin and evoJutionof life, on the structure and evolution
of oúi cognitivecapabilities,take a new look at this question
and perhapsformulate it in somewhatlessof a defeatiststyle?
That would seem to me to be a highly worthwhile undertaking.
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