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Abstract. Long term synaptic changes induced by neural spike activity are believed
to underlie learning and memory. Spike-driven long term synaptic plasticity has been
investigated in simplified situations in which the patterns of mean rates to be encoded
were statistically independent. An additional regulatory mechanism is required to
extend the learning capability to more complex and natural stimuli. This mechanism
can be provided by those effects of the action potentials that are believed to be
responsible for spike-timing dependent plasticity. These effects, when combined with
the dependence of synaptic plasticity on the post-synaptic depolarization, produce the
non-monotonic learning rule needed for storing correlated patterns of mean rates.
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1. Introduction

It is widely believed that synaptic plasticity is the phenomenon underlying learning
and memory. In the last years many models of spike-driven plastic synapses have
been proposed (see e.g. [1, 2, 21, 23]). Most of these theoretical works were
devoted to modeling experimental results on single pairs of synaptically connected
neurons [2, 21, 23], to studying regulatory mechanisms based on spike-timing dependent
plasticity [3, 29, 30, 27], or to relating the long term modifications to the neuronal
activity to be encoded [1]. Only very recently a few investigators started to study the
formation of memory and the collective dynamical behavior of networks of integrate-
and-fire neurons connected by spike-driven plastic synapses [4, 5, 9]. Here we make a
further step in the direction of understanding the computational relevance of spike-
based synaptic dynamics by extending the model introduced in [1]. The Hebbian
paradigm there implemented was good enough to embed in the synaptic matrix an
extensive number of random, uncorrelated patterns of mean firing rates. Each stimulus
was assumed to drive to elevated spike frequencies a randomly selected subset of cells.
The spike activity of different cells was generated by injecting statistically independent
currents into the pre and post-synaptic neurons, and hence the spike activity was
asynchronous. After the removal of the stimulus, a randomly selected, low fraction
of synapses underwent long term changes to encode the mean frequencies of the pre and
post-synaptic neurons.

The random selection of a subset of synapses is needed to avoid too fast forgetting
when the synaptic dynamics are realistic, i.e. when the variables describing the long
term synaptic dynamics are bounded and the long term changes induced by the neural
activity cannot be arbitrarily small [18]. Indeed, networks of neurons connected by this
kind of realistic synapses show the palimpsest property, i.e. they forget automatically
older stimuli whenever a new stimulus is learnt. If the fraction of modified synapses
per presentation is large, then both learning and forgetting are fast and only a small
number of patterns can be stored in memory. Otherwise, for slow learning, the optimal
storage capacity can be recovered [6].

In [1] the stochastic selection of synapses was achieved by exploiting the irregularity
of the spike-trains. The mean spike rates were encoded as follows: the pre-
synaptic spikes were triggering the synaptic changes, and the post-synaptic sub-
threshold depolarization was determining the direction of the changes, i.e. whether the
synapse had to be potentiated or depressed. Reading the instantaneous sub-threshold
depolarization of the post-synaptic neuron turned out to be a simple way, local in time,
to encode the mean spike frequency. The updating rule resulting from this dynamics was
good enough to store an extensive number of random patterns generated as explained
above.

However, going beyond these simplistic patterns requires a regulatory mechanism
that ensures a balanced redistribution of the memory resources among the different
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stimuli to be storedi. This is usually achieved by introducing a mechanism that
guarantees a global normalization of the synaptic weights, either directly by evaluating
the total synaptic strength, or indirectly, through the postsynaptic activity (see e.g.
[8, 10]). One possible local mechanism is based on the idea of the perceptron learning
rule [28] and has been more recently studied in [11, 12, 31]: the internal state of the
synapse is changed according to a Hebbian paradigm only if it is necessary, i.e. if the
pattern of activity to be encoded is not yet correctly memorized. For instance, when
a stimulus to be learnt imposes a pattern of elevated activity to a subset of neurons,
the synapses connecting these neurons are potentiated only if the activity of the post-
synaptic (output) neuron is below some threshold value. Otherwise the synapse is left
unchanged because the pattern of activity imposed by the external stimulus is already
stable and the memory resources can be exploited in a more efficient way by other
stimuli. Such a mechanism would prevent the system from over-learning and would
decrease the forgetting rate by selecting a small fraction of those synapses that really
need to be changed. Learning prescriptions based on this principle permit to memorize
complex correlated patterns which are linearly separable [7, 11, 31], and to classify real
data, like handwritten digits [12], provided that learning is slow, i.e. that every pattern
has to be presented several times. These non-monotonic learning rules are achieved here
by introducing in the spike-driven synaptic dynamics of [1], which depends solely on the
subthreshold depolarization of the post-synaptic neuron, an additional dependence on
the effects of the post-synaptic action potential. In particular an extra depression occurs
when the pre-synaptic spike follows the post-synaptic action potential within some time
interval. This combination of depolarization and spike-timing dependence makes the
model more realistic and captures the observations of recent experiments on long term
synaptic modifications [14]. The implementation of a non-monotonic learning rule in
terms of detailed spike-drive synaptic dynamics is the first step to develop a full network
which is capable of storing and classifying complex correlated patterns of mean rates.

2. The synaptic dynamics

The synaptic dynamics can be fully described in terms of a single internal variable X
which represents the state of the synapse and determines the synaptic efficacy. In the
absence of any pre or post-synaptic spike the synapse is made bistable by a recall force
that drives the internal state to one of the two stable states: to X = 1, that corresponds
to the upper bound, if X is above some threshold fx, or to the lower bound X = 0
if X < 0x. This bistability would be compatible with the experimental data of [13],
which shows that synaptic potentiation is all-or-none, and with the models of molecular
processes underlying LTP and LTD induction presented in [16].

Above Ox the synapse is in a potentiated state and the synaptic efficacy on the
1 For instance when a group of binary synapses are modified to memorize a pattern, they become

resources which are allocated for that specific pattern and cannot hold any information about other
previously learned patterns.
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post-synaptic neuron is elevated, whilst below fx the synapse is in a depressed state
(low efficacy). These dynamics can be expressed by:
dX

o —aO(—z +0x) + fO(z — bx)

where o and (3 represent the two refresh currents. Pre- and post-synaptic spikes trigger
temporary modifications of the internal variable. They depend on the depolarization V'
of the post-synaptic neuron [1] and on the time that passed since the last occurrence of
a pre or a post-synaptic spike [15, 2]. When the depolarization is high (V' > Vg ) every
pre-synaptic spike pushes X upwards, weakly if the last post-synaptic spike has been
emitted within the previous time interval 7", strongly otherwise. In particular, if the
pre-synaptic spike arrive at time ¢ and & is the number of post-synaptic spikes emitted
within the time interval [t — T_,t], then X — X + a — kb’ upon the arrival of each pre-
synaptic spike. Note that a— kb’ can become negative, and the synapse can be depressed
even if the post-synaptic depolarization is above the threshold V. In the example that
we will study in Section 3 we imposed an upper bound on k (k < kjee = 2) in order
to have that when the depolarization is high, the temporary synaptic modifications are
always positive (a > kpqzb'). This upper bound might correspond to the saturation
of the mechanism which is responsible for the extra negative jumps or to the existence
of an absolute refractory period of the post-synaptic neuron which limits the maximal
number of action potentials which can fall within 7_. In case k is larger than the
maximal allowed value k,,,;, the number of effective negative jumps is set to kqq-

If the depolarization is low (V' < V1), the pre-synaptic spikes induce a depression
which is either weak, if k¥ = 0, or strong otherwise: each pre-synaptic spike induces a
jump X — X — b — kb'. Pre-synaptic spikes preceding post-synaptic action potentials
within a time interval 7'y provoke small upwards jumps: X — X + o’. The upper and
the lower bound act as a rigid barrier and do not let the internal variable X leave the
interval [0, 1].

Table 1 summarizes the effects of the spikes and lists the corresponding probabilities
of occurrence when the pre- and post-synaptic neurons fire asynchronously, with a
Poisson distribution, at a mean frequency v,.e and vp.s respectively. Q, (Qp) is the
probability that V' > Vg (V' < V.) upon the arrival of a pre-synaptic spike. The
modifications induced by the spikes leave a long term memory trace only if X crosses
the threshold #x during the stimulation. Otherwise the state prior to the stimulation
is restored by the refresh currents. If the activity of the pre and the post-synaptic
neurons is highly irregular as in vivo cortical recordings, then the transitions from one
stable state to another are stochastic and, at parity of mean pre and post-synaptic spike
rates, occur with some probability. This provides a selection mechanism that chooses
automatically only a fraction of synapses that are to be changed upon the presentation
of a stimulus [1].



Spike-driven synaptic plasticity for correlated patterns 5

Table 1. Synaptic dynamics: the temporary modifications (upwards and downwards
jumps) of the internal synaptic variable X induced by pre and post-synaptic spikes.

Effects of a pre-synaptic spike that arrives at time t,,,

Condition Effect Prob. of occurrence

V > Vi and no post-syn. spike in [tyre — T, tpre] X > X +a VpreQae_"PostT—

T_)*
1

V > Vi and k post-syn. spikesin [tpre — T, tpre] X = X 4+a— kb VpreQae_"PmT— (Vpos: T-)"

k!

V < Vi, and no post-syn. spike in [tpre — T—,tpre] X = X —b VpreQpe™VrestT-

k
V < Vi and k post-syn. spikes in [tyre — T ,tpre] X = X —b— kb vy Qpewort T oot T

Effects of a post-synaptic spike that arrives at time #p,4¢

k pre-syn. spikes in [tpost — T+, tpost] X > X +kd Vpost€

—Vpre T+ (VPTZ,,T-'—)IC

2.1. Mean spike rates vs the distribution of the subthreshold depolarization

The probabilities of occurrence of the temporary modifications a, b, a’,b' control the
direction in which the synapse is modified by the activity of the pre- and post-synaptic
neurons. ), and @ depend on the statistics of the depolarization of the post-synaptic
neuron under stimulation and can be calculated analytically when the model of the
neuron is simple and the pre and post-synaptic activities are statistically independent.
As for the stimulus we assume that each stimulus imposes a pattern of asynchronous
activity by changing the statistics of the input current of a subset of cells (see below).
For the neuron we will adopt the linear integrate-and-fire (LIF) model introduced in
[17]. The neuron integrates linearly the total synaptic current until the depolarization V/
crosses a threshold € and a spike is emitted. Following a refractory period 7., the neuron
isreset to V' = H, from where it starts again integrating the current. The depolarization
is limited from below by a rigid barrier that does not allow the depolarization to go below
the resting potential (here arbitrarily set to V' = 0). When such a neuron is embedded
in a large network and is subject to the heavy bombardment of statistically independent
synaptic inputs, the total somatic current can be emulated by a stochastic process known
as Ornstein-Uhlenbeck process [19]. Such an in vivo-like current is Gauss distributed
and fully characterized by its time correlation length 7, and its mean p and its variance
o? per unit time. For simplicity we assume that the current is delta-correlated in time
(1 = 0). When injected such a current, the LIF neuron responds as real pyramidal cells
[20].
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The stationary distribution p(v) can be computed as in [17, 1] and is given by:

p(v) = v [@(U — H) (1 - e_%%(a_v)> +O(H —v) (e_%r%H - e_%a) e%”]
1

where v is the mean firing frequency:

7, is the absolute refractory period. @, and @) are given by the integral of p(v) in the
interval [V, 0] and [0, V7] respectively. It is straightforward to compute these integrals
analytically. They are reported in Appendix A for convenience.

i and o characterize the synaptic input and depend on the network interactions.
Each pair p, o determines unequivocally a mean spike rate v. However the opposite is
not true: for each v there exists an entire curve in the p, o space along which the mean
firing rate is constant. As a consequence, we need to specify a protocol for driving the
post-synaptic neuron to a frequency vp,s; and determine unequivocally the statistics of
the distribution of the depolarization for every v,,,,:. Here we assume that v, is changed
by increasing or decreasing the average spike frequency v,.,; of a subpopulation of pre-
synaptic neurons that represent the external (sensory) input to the network (similarly
to [1]). If the recurrent feedback of the post-synaptic neurons does not affect much the
network activity, then the parameters of the input current move along a linear trajectory

in the (i, 0?) space:
M= JE‘NE‘Vewt + ,U/OE 0 :U/I

2 2 2 2
g = JENEVe$t+O-EO+UI0

where Jg is the mean synaptic efficacy of the spikes emitted by the N external neurons,
and pf’, pf are the mean synaptic currents due to the spontaneous activity of excitatory
and inhibitory cells respectively. 0%, and 0%, are the corresponding variances per unit
time of the stochastic process that model the total input current. Instead of v, we
can choose i as an independent parameter, and 02 = Ju+ K (in the following analysis:
J =0.020, K = 0.016%/ms). If in a spontaneous activity state the recurrent input is as
large as the external input, we have that J = Jg (the average coupling between all the
excitatory neurons) and K = v{ Ny J;(J; + Jg), where 1 is the spontaneous activity of
the Ny inhibitory neurons that are projecting onto the post-synaptic cell (mean coupling
Jr). For each desired output frequency s, p is tuned to determine the suitable pair
(1, 0) that drives the post-synaptic neuron at a firing rate vp,s:-

The distribution of the depolarization and the probabilities ), and (), are plotted
in Fig. 1. As the external stimulus increases the output frequency v, the distribution
of the depolarization V' changes in such a way that @), decreases and (), increases.
The introduction of a reset potential H which is distinct from the resting potential
(H = 0.76 # 0) moves the maximum of the distribution of V' to H for high rates and
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Figure 1. Mean spike rate vs the distribution of the depolarization V. Left:
Distribution p(v) as a function of the post-synaptic frequency vp,s:. For each vp,q the
parameters u, o characterizing the input current are calculated as explained in the text.
1, o determine the subthreshold distribution of the depolarization that is plotted here.
The white lines over the surface are drawn in correspondence of V =V, and V = Vg,
the thresholds that determine the direction of the temporary synaptic modifications.
Note that here the reset potential H coincides with Vg (H = Vg = 0.76). 7. = 2ms.
Right: Probability of occurrence of upwards (@Q,) and downwards ((Q)3) jumps upon the
arrival of a pre-synaptic spike for different post-synaptic activities. @, is the integral
of p(v) between the white line corresponding to Vg and the threshold. Analogously,
Qy is the integral of p(v) between the resting potential (V = 0) and V7 = 0.350. As
the post-synaptic activity increases, the peak of the distribution p(v) moves from the
resting potential to the reset potential H. As a consequence, (), increases and @y
decreases.

therefore makes the distribution more suitable for distinguishing low and high post-
synaptic spike rates. Finding the proper parameters of the synaptic dynamics is much
easier than in [1] where H coincided with the resting potential. When the pre and
post-synaptic neurons are simultaneously activated, most of the numerous temporary
modifications of the synapse are upwards and the synapse tends to potentiate. On the
contrary, when the pre-synaptic neuron is active and the post-synaptic neuron has low
spontaneous activity, most of the jumps are downwards and the synapse is eventually
depressed. When v, is low, the few jumps per unit time are usually not enough to drive
the internal state across the threshold #,, and no transition occurs. It has been proved
that this scheme of modifications (a Hebbian paradigm) maximizes the signal of the
stimuli that can be extracted by the network dynamics from the synaptic matrix [6, 18]
and actually implements a classical covariance updating rule (see e.g. [22, 10]). Hence
the dependence on the post-synaptic depolarization expressed by @, and (Q, contain
most of the relevant information to encode the patterns of mean spike rates imposed by
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Figure 2. Probability that k post-synaptic spikes are within a time window 7_. Tt
determines the depressing and regulatory effects of the action potential on the synaptic
dynamics. The curve k = 0 gives the fraction of cases in which the temporary synaptic
modifications are entirely controlled by the depolarization of the post-synaptic neurons.
As the post-synaptic frequency increases, the additional effect of action potentials
becomes predominant. Were it only for )y, the maximal LTD would be always achieved
at vpost = 0. The effect of the extra negative jumps is twofold: it stop LTP when
the post-synaptic frequency is too high, and it moves the maximal LTD to higher
frequencies in order to reduce when depression when the neuron is already firing at
low frequencies.

the stimulus.

2.2. The additional effect of the action potentials

The extra jumps (@, b’) implement the part of the dynamics that depend on the relative
spike-timing. When the pre and post-synaptic spike activities are asynchronous the
probability of occurrence of these jumps depends essentially on the product of the mean
frequencies of the pre and the post-synaptic neuron. The ratio between the number
of potentiating events and the number of depressing events is roughly constant when
the pre- and the post-synaptic frequencies are multiplied by the same factor. This
activity dependence does not contribute much to the signal (see e.g. [18] for the exact
definition) left by the mean spike rates, but has an important regulatory role. Indeed, if
T_ > T,, as the frequency of the post-synaptic neuron increases, the fraction of cases in
which the direction of the temporary modifications is controlled by the depolarization V/
decreases and depression becomes dominant, especially if one considers the possibility
of multiple spikes within the time interval 7_ (see Figure 2). In what follows we will
assume that T, = 0. The extra jumps a’ actually contribute neither to the signal nor to
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the regulatory mechanism. Indeed for the signal the dependence on the sub-threshold
depolarization is sufficient, and for implementing the non-monotonic behavior the effect
of the extra jumps b' is enough. Hence, we will ignore the temporary jumps o’ in the
following analysis.

3. The non-monotonic learning rule

The next step is to compute the probability that a stimulus induces a stable modification
in the synaptic couplings, i.e. that during the stimulation the synapse makes a transition
from one stable state to another stable state. The transition probability is defined as the
fraction of cases, out of a large number of repetitions of the same stimulation conditions,
in which at the end of the stimulation, the synapse made a transition to a state different
from its original state. These probabilities control the learning process. Low transition
probabilities correspond to a slow learning scenario in which the stimuli need to be
presented a large number of times to be learnt. A high number of repetitions is the
price to be paid if one wants an optimal redistribution of the memory synaptic resources
among the stimuli to be learnt [6, 11, 12]. In fact, high transition probabilities allow fast
acquisition of information about the stimuli, but limit dramatically the storage capacity
of the network because past stimuli are forgotten very quickly [6].

For uncorrelated patterns of activities the optimal storage capacity is achieved when
the coding level is low (a small fraction of neurons is activated by each stimulus) and
the LTD probability is small enough, compared to the LTP probability, to preserve
the balance between potentiations and depressions [6]. For correlated patterns a control
mechanism is needed to stop learning in case the stimulus is already correctly encoded in
the synaptic matrix [11, 12]. This would require a non-monotonic learning rule, i.e. a U-
shaped dependence of LTP and LTD probabilities on the post-synaptic mean-frequency.

3.1. Solving the long term synaptic dynamics

The transition probabilities can be approximately calculated by using the density
approach introduced in [1]. Similar approaches can be found in [29, 30]. Since the
pre and the post-synaptic neuron fire asynchronously, the Takéacs equations that govern
the density function p(X,t) of the synaptic internal variable can be easily generalized to
incorporate the additional effects of o’ and b’ §. The equations are reported in Appendix
B. For each v,,, the statistics of the input current (u,o) that produces the desired
mean spike frequency is determined as explained in section 2.1. The distribution of the
depolarization is then unequivocally determined, and @), and @), can be computed as in
Appendix A. The initial probability density function of the internal synaptic variable
X is set to a 6(X) when the synapse starts from the depressed state X = 0, and to

§ The equations can also be generalized to incorporate the contribution of synchrony between the pre
and the post-synaptic spike trains as in [30]
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Figure 3. LTP and LTD transition probabilities as a function of post-synaptic
frequency when the pre-synaptic neuron is active (vp.e = 50Hz). To each post-
synaptic frequency corresponds a pair p,o characterizing the input current. This
pair determines the distribution of the depolarization as explained in section 2.1. The
synaptic parameters are: the temporary synaptic modifications a = 0.26, b = 0.085,
a = 0,V = 0.09; the time window for the additional effect of the post-synaptic
action potential T = 40ms; the synaptic threshold 8, = 0.5; the refresh currents
a =0.003ms™!, 8 = 0.008ms~".

§(X — 1) when the initial condition is a potentiated state X = 1. The Takacs equations
are integrated numerically throughout the stimulation interval (in our case 250ms). The
LTP (LTD) transition probability is given by the final probability that the synapse is
above (below) the internal threshold f#x when the synapse started from the depressed
(potentiated) state before the arrival of the stimulus.

3.2. The transition probabilities

The numerical solution of the density equations gives the LTP and LTD transition
probabilities for any pair of vy, Vpost (see Fig. 3). The parameters of the synaptic
dynamics can be easily tuned to achieve: 1) LTP and LTD transition probabilities that
maximize the signal embedded in the synaptic matrix by each pattern of activity (LTP
for high v, and LTD for low v,5); 2) a ratio between LTP and LTD that ensures
the balance of total number of potentiations and depressions when the mean number
of neurons activated by each stimulus is low (low coding level); 3) the preservation of
memory on time scales that are much longer than the inherent time constants of the
synapse (the transitions in case of spontaneous activity of both pre- and post-synaptic
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Figure 4. The asymptotic probability that the synapse is potentiated (top) and the
asymptotic tendency of having either LTP or LTD (bottom) as a function of the post-
synaptic firing frequency when the pre-synaptic neurons is active (vpre = 50Hz). The
asymptotic probability qrrp/(qrTe + qurp) is the probability that a synapse ends up
in the potentiated state after an infinite number of repetitions of the same stimulus.
This quantity expresses whether LTP (g,s, > 1/2) or LTD dominates (gasy < 1/2).
For post-synaptic frequencies above vp,5¢ ~ 15H 2, LTP always dominates and the LTP
transition probabilities are systematically much larger than the LTD probabilities (vice
versa below 15Hz). However, if the transition probabilities are very small, g,5, is not
a good indicator because the synapse does not change anyway and neither LTP nor
LTD actually dominate. For this reason we plotted the asymptotic tendency, i.e. the
Qasy minus 1/2 (the baseline corresponding to a perfect balance between LTP and
LTD) weighted by the maximum between qrrp and grrp. From this second plot
it is clear that for high post-synaptic frequencies, although LTP clearly dominates,
the transition probabilities become smaller and smaller. Analogously, for low vp,st,
the LTD probabilities become negligible. Note that, up to ~ 60Hz, the behavior
resembles the one of the BCM rule [26].
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neurons are negligible); 4) a regulatory mechanism that blocks LTP when v, is too
high, and stops LTD when v, is too low. This is a possible implementation of the
mechanism required to store correlated patterns [11, 12, 31]. It also resembles the one
in the BCM rule [26] and it is essentially based on the additional effect of the action
potential that signals when the activity of the post-synaptic neuron is too elevated or too
low. To illustrate all these properties we plot the LTP and LTD transition probabilities
in three different ways (see Figs. 3,4,5). Figure 3 shows the raw transition probabilities
when the pre-synaptic neuron is active. Interestingly, both LTP and L'TD curves are non-
monotonic. The peak of LTD probabilities is around v, >~ 10H 2, while the maximum
LTP occurs at much higher frequencies: v, ~ 50Hz. The peak LTD would be at
Vpost = 0 if only the depolarization of the post-synaptic neuron is read. The extra effects
of the action potentials are negligible for very low post-synaptic frequencies, when the
probability that the neuron is hyperpolarized is maximal. However they increase quickly
with .5, and hence the maximum of LTD is moved towards higher post-synaptic
frequencies. As v,5 increases, the probability that more than a post-synaptic spike falls
into the time window 7_ becomes not negligible and it eventually dominates the synaptic
dynamics. In such a regime, every pre-synaptic spike triggers multiple downwards jumps,
and the probability of LTP decreases. The fact that for low v,,+ LTD dominates, and
for high v,,s; LTP prevails, is what is required to implement a Hebbian paradigm, or a
covariance-rule for updating the synapse (see e.g. [22, 8, 10]). The non-monotonicity
provides the regulatory mechanism that stops potentiation when too many synapses
are already contributing in the same way in activating the post-synaptic neuron. This
behavior is shown also in Figure 4 where we plotted the asymptotic probability of ending
up in a potentiated state and the asymptotic tendency expressing whether LTP or LTD
dominates. The asymptotic probability is defined as the probability that the synapse is
in a potentiated state following an infinite number of presentations of the same stimulus.
It is plotted in Figure 4(top). When the transition probabilities are too small (e.g. in the
presence of spontaneous activity) there is no real tendency of having either LTP or LTD
since the synapses remain unchanged even after a very large number of presentations.
For this reason the asymptotic probability, minus the baseline 1/2 that corresponds to
a perfect balance between LTP and LTD, is weighted by the maximum between LTP
and LTD transition probabilities. This quantity, defined as the asymptotic tendency, is
plotted in Figure 4(bottom) as a function of the post-synaptic firing frequency. The
minimum, corresponding to a dominating LTD, is around vp,,; = 10Hz while the
maximum probability of potentiating a synapse is around v,,: = 50Hz. For both
too low or too high post-synaptic frequencies the asymptotic tendency curve goes to 0,
indicating that learning is blocked.

Finally we show in Figure 5 the effect of the strong non-linearities due to the
synaptic threshold fx. When the pre-synaptic neuron fires at spontaneous rates, the
LTP and LTD transitions probabilities are several orders of magnitude smaller than the
corresponding probabilities under stimulation (v,,e = 50Hz). This allows to preserve
the memory on time scales (~ 10? days) that are much longer than the longest inherent
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Figure 5. Memory preservation in the presence of spontaneous activity: LTP and
LTD transition probabilities as a function of the post-synaptic frequency in two cases:
when the pre-synaptic neuron is active (v, = 50Hz, the two topmost curves) and
when it has only spontaneous activity (2Hz, the two curves at the bottom). The
transition probabilities drop sharply when the activity of the pre-synaptic neuron is
low (note that the scale is logarithmic). The synaptic threshold §x protects memory
against noisy, spontaneous fluctuations of the neural activity.

time constant of the synapse (1/a ~ 300ms).

4. Discussion

The synaptic dynamics introduced here implements the updating rule required for
storing complex, correlated patterns of asynchronous activity [11, 12, 31]. Synaptic
potentiation becomes unlikely when the post-synaptic activity is too high, and synaptic
depressions are blocked if the post-synaptic spike rate is too low. The pre-synaptic
neuron triggers temporary modifications, while the post-synaptic activity determines
the direction of the long term change.

The mean spike rate of the post-synaptic neuron is encoded by reading the
instantaneous subthreshold depolarization of the post-synaptic cell. A single reading
of the instantaneous depolarization does not contain much information about the post-
synaptic mean rate. However the required information is distributed across several
neurons that are driven to the same activity by the stimulus. This means that even a
single instantaneous reading of the depolarization of a population of cells contains all
the information about the mean spike rate and many other statistical properties (e.g.
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the statistics of the input current) of the activity of these neurons. The regulatory
mechanism is provided by the effects of the post-synaptic action potential, that, for
instance, signals when the post-synaptic neuron is too active. One might wonder
whether: 1) it is possible to have the regulatory mechanism without making recourse
to a dynamics based on spike-timing; 2) it is possible to encode the post-synaptic spike
frequency without reading the depolarization. The answer is positive to both questions.

As for the first issue, a regulatory mechanism without explicit spike timing that
makes the LTP and LTD curves as a function of v,,, non-monotonic is actually possible.
For instance it can be achieved by choosing a depolarization range for upwards jumps
that starts from Vy and ends at a value V}; below the reset potential H. As the mean
spike rate of the post-synaptic neuron increases, the interval [V, V}] is first filled in
with more and more realizations, but eventually it becomes empty because the post-
synaptic neuron spends most of its time between the reset potential and the threshold
when it is driven by the mean current to a supra-threshold regime. As a consequence the
LTP probability at some point starts to decrease. Unfortunately this non-monotonicity
cannot be easily controlled and fine tuning of the parameters defining the depolarization
intervals is required. These difficulties convinced us that it is necessary to introduce some
additional mechanism to provide a robust regulation of the synaptic weights. The effect
of the post-synaptic action potential appeared as a natural candidate, since it is known
to have a dramatic effect on many internal variables, such as calcium concentration,
that control the expression of LTP and LTD.

The second issue concerns the possibility of using a synaptic dynamics entirely based
on spike-timing. Provided that the time windows are long enough [4] or that strong
non-linearities are introduced in the synaptic dynamics [32], it is possible to encode
mean rates by implementing a covariance rule. However reading the depolarization
seems to be a much simpler solution that has probably not been overlooked by biology.
Indeed recent experiments [14] show that the protocols to induce LTP and LTD, even
if entirely based on spike-timing, are very much affected by the depolarization of the
post-synaptic neuron. For instance, by hyperpolarizing the post-synaptic neuron in the
interval between successive action potentials one can induce LTD or block the induction
of LTP, even if the pre-synaptic spikes always precede the post-synaptic potentials as
required by the spike-timing protocol introduced in [15].

Interestingly the regulatory mechanism studied here was already present in the
model of [1], provided that during the refractory period the post-synaptic neuron is
considered to be in a state that leads only to downwards jumps (e.g. the depolarization
is set to a value below V7, during the refractoriness) ||. The refractory period would be
equivalent to the time interval 7 that always follows the emission of a post-synaptic
action potential. Unfortunately the refractory period affects also the neural dynamics,
and cannot be tuned as an independent parameter. This makes the search for good
synaptic parameters more difficult.

|| T am grateful to D.J. Amit and G. Mongillo for this observation
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The spike-driven synaptic dynamics introduced here is a simple implementation
of schematic learning rules which guarantee the convergence of learning in the case
of patterns of mean rates which are linearly separable [4, 31]. Whether it is actually
possible to store and classify these patterns in a full network of integrate-and-fire neurons
will be the next step and will be studied elsewhere [24].

Appendix A

The distribution p(v) of the depolarization of a LIF neuron when a delta-correlated
Gauss current is injected into the cell can be derived from the stationary solution of the
density equation (see e.g.[17]). The expression for p(v) is already present in the text,
here it is reported again for convenience:

p(v) = - [@(U — H) (1 — 6_%(0_1})) +O(H —v) (e_i%H — 6_%0) e%”]
7
The probability @, is the integral of p(v) between Vi and the threshold for emitting a
spike 0. (@), is the integral between the resting potential and V7. The integral over a
generic interval Vi, V5 is given by:

2

( %(G_SH — e ) (esV2 — M) for Vo < H
" LVy=Vi— g (e 0) — )] for V; > H
p(v)dv = < (1)
Vi 2
1 %(e—sH _ 6—50)(esH _ esV1)_i_
+ [V2 — H — % (eS(Vz_a) — es(H_e))] elsewhere

\

where V, > V; and s = 2u/0?.

Appendix B

The distribution of the synaptic internal variable X is described by the density p(X, t)
for the interval ]0, 1] and by the two discrete probabilities Py(t) and Py (t) of being at
the reflecting barriers X = 0 and X = 1 respectively. The equations that determine the
time development of the distribution are a generalization of those introduced in [1]. For
example, if the jump &' is ignored, the equation for p(X,¢) is:

op(X, 1) op(X, 1)

S = at v A0 = p(X,1)] i X €0, 0|
dp(X,1) Ip(X, 1) .
T: _68(_7)X+Vp're[B(X7t)_p(X7t)] leE]erl[

where the terms with o and 5 account for the refresh currents that preserve the memory
in the absence of stimuli and A and B contain the effects of the temporary changes
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induced by the pre-synaptic spikes. The expressions of A and B should contain now all
the possible jumps (a,b,a — b';a — 2b',...,b — b',b — 2V, ...). The final equations are:

o0

ACK.1) = Qut) [3(X — G4(0) + 32 60X — -+ Q40

+ Qa [p(X + i p(X —a+ kb’)Qé(k)]
+Q,,l(X+bt)Qb +§:pX+b+kb' )Qg(k)]
BUX, 0 = Qu X = 0. 0GH0) + 35X - 0+ QU0

+ Qu[p(X + b,1)Q}(0 +ipX+b+kb' 1)@ (k)]

+ QP (1)[0(X — (1 —))Q(0 +Z5 — (1= b— kb)) @, (k)]

where @} (k) is the probability that k post-synaptic spikes occurred in the time interval
[t —T ,t] (¢ is the time of the arrival of a pre-synaptic spike). For a Poisson process it
is given by: \

Qy(k) = ¢ L)
We assume that p(z,t) = 0 for = ¢ [0,1]. The sums in A and B over k go from 1 to
infinity, but it is reasonable to keep only a few terms (in our case we kept only 2 terms
because kpmqz = 2). When a finite number of terms is kept, then the contribution of the
k = ke term is weighted by the probability of having k., spikes or more (e.g. for &
jumps: >, = k2 @, (k)). In fact for high frequencies the intervals between successive
spikes of the post-synaptic neurons are not Poisson distributed and the refractory period
imposes an upper bound on the number of post-synaptic action potentials that can fall
in the time window 7_. Moreover the upper bound on k£ might be due to some inherent
saturation mechanism. The dynamics of the probabilities Py and P; are modified in
a similar way. All the equations are approximated because they do not consider the
temporal auto-correlations of the post-synaptic depolarization (see [1] for more details).
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